HOLOGRAPHIC THERMAL CORRELATORS:
ELECTROMAGNETIC AND GRAVITATIONAL PERTURBATIONS
OF THE RN-AdS; GEOMETRY

A.V. Anataichuk?, A.V. Zhiboedov?
!National Science Center ”Kharkiv Institute of Physics and Technology”,
Kharkiv, Ukraine;
2CERN, Department of Theoretical Physics, Geneva, Switzerland
E-mail: andanataychuk@gmail.com

We are currently exploring axial perturbations in the linearized Einstein field equations for a Reissner-Nordstrom
black hole in four-dimensional anti-de Sitter space. A framework is constructed to study holographic thermal two-
point correlation functions, with particular focus on the one related to conductivity. Preliminary non-perturbative
numerical results are presented on their dependence on different parameters, along with physical interpretation and
agreement with the expected analytic asymptotics of the correlator.
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INTRODUCTION

Holographic duality, often referred to as the
AdS/CFT correspondence, is a framework based on the
conjecture that weakly coupled gravitational theory is
equivalent to strongly coupled field theory in the large N
limit (where N intuitively represents the effective number
of degrees of freedom). It was proposed by Maldacena in
1997 [1], and a proper mathematical formulation was
developed in 1998 by Gubser, Klebanov, and Polyakov
[2] and independently by Witten [3] (GKPW). Using
GKPW rules, one can show that we can construct a
duality between a QFT in d dimensions with the
boundary of (d + 1)-dimensional bulk gravitational
theory. Over the last several decades, numerous
theoretical checks and simulations have supported the
conjecture.

This field is actively developing due to the possibility
of studying strong-coupling effects in a non-perturbative
manner. It is actively used in studies of string theory [1],
strongly interacting quark-gluon plasma [4-6], and high-
temperature superconductors [7, 8].

The interest in the Reissner-Nordstrom anti-de Sitter
(RN-AdS) metric comes from the properties that it
endows to dual field theory. Insertion of the black hole
into AdS space is equivalent to considering a field theory
with finite temperature. If one adds the charge for the
black hole, it corresponds to implementing a finite
chemical potential. Combining all together, we obtain
quite a peculiar, strongly coupled field theory with
temperature and chemical potential. It can be useful to
study this model itself [9]. In the context of quantum
matter, the RN-AdS metric is usually utilized as a
background for the description of a holographic
superconductor [7, 10].

In this work, we explore the perturbation in the four-
dimensional RN-AdS metric and apply holographic
duality to the study of dual field theory. In particular, we
are interested in two-point correlation functions that
describe the dynamics of field theory and usually can be
identified with a clear physical interpretation (e.g.,
electric, thermal, and thermoelectric conductivities).

The point of interest is a holographic analysis of the
so-called Gertsenshtein-Zel'dovich (GZ) effect, which is
observed in the bulk gravitational theory and closely

related to these conductivities. In 1961 [11],
Gertsenshtein proposed the possibility of resonance
between electromagnetic (EM) waves and gravitational
waves (GWSs) due to the same speed of propagation of
these waves. He used the linearized Einstein field
equations to prove that GWs produce EM waves through
wave resonance as they move through a strong magnetic
field. Similarly, EM waves passing through a strong
magnetic field produce GWs [12]. While the analysis is
purely classical, in quantum language, the external field
can be viewed as ‘catalyzing’ a resonant conversion
between photon and graviton states, much like neutrino
flavor mixing. In our case, the role of "catalyst™ is played
by a charged black hole [13], and we study some
properties of the discussed effect. This proceeding
presents work in progress and preliminary analysis
available only for electric conductivity, and we plan to
cover the other two correlators in the near future.

1. SETUP
To consider a system with a charged black hole, the
initial action should include gravitational and
electromagnetic interactions. The simplest form that one
can consider is the Einstein-Maxwell action that has the
form:

1

where g,,, is the metric and g is its determinant, R is the
Ricci scalar, 4 is the cosmological constant, and F,,, is
the electromagnetic tensor.

By varying this action with respect to metric, one can
obtain the following Einstein’s field equations (EFE) in
the presence of the electromagnetic field:

1
R,y — ERguv + A9y =817y, =

Ao 1 Ao
=2 (g FuAFva - ZgquloF )v (2)

where we define energy-momentum tensor as:

1 Ao 1 Ao
Tuv = E <g F;MFVU - Zg,quAo'F ) . (3)

Taking into account the definition of electromagnetic
tensor via potential F,, = 3,4, —d,A,, and varying
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with respect to electromagnetic potential, one can obtain
other equations of motion:

0,(y/—gF*) =V, F* = 0. 4)
We are interested in the spherically symmetric
vacuum solution of charge @ and mass M in hyperbolic
space with constant negative curvature A < 0. As we
mentioned previously, this solution is the Reissner-
Nordstrom anti-de Sitter metric. In four dimensions (d =
4), RN-AdS, metric can be written as (system of units:
h=c=G=e?/4m = 1):
ds? = —f(r)dt? + f(r) dr? + r?dn3, (5)

2
where f(r) = 1 —¥+f—2—§Ar2.

From the symmetry of the solution, we can see that
the value of the electromagnetic potential can depend
only on r, and only A, is a non-vanishing component,
which has the form:

Q0

A - =
t r 7"+’ (6)

where r, is the outer event horizon, combination Q /1, =
u is a vanishing condition on the event horizon, and also
plays the role of the chemical potential in holographic
duality.

2. SOLVING LINEARIZED EQUATIONS
Let us derive the linearized gravitational wave
equations for the RN black hole in AdS space. Consider
small linear perturbation of the background metric g,
and electromagnetic potential A,, which we can write as
Iuw = g_;w + h;w: 7
A, =A,+a, (8)
where the perturbation h,, goes to zero at infinity fast
enough that the metric g,, is asymptotically g,,.

Furthermore, h,, and its derivatives are assumed to be
small enough so that we can ignore higher-order terms.

Additionally, to leave only physical degrees of
freedom, we should implement Lorenz and transverse-
traceless (TT) gauges for these perturbations. These
conditions on the fields take the next form:

7,h =0,
hy =0, 9
V,at = 0.

We now have all the necessary ingredients to derive
the linearized system of equations. Substituting Egs. (7)
and (8) into Egs. (2) and (4), taking into account Eq. (9),
and subtracting the background solution, we obtain the
desired expressions. We omit the intermediate steps and
proceed directly to the result. In the linear approximation,
the general form of the axial perturbations can be
expressed as (all other components vanish):

hep = hyr = e7tw(r,0),

hrg = hgr = €70 q,(7,0), (10)
h64> = h4>9 = e—iwtq3(r’ 9)1
ay = e “'B(r,0), (11

where we explicitly write the time-dependence for the
ingoing wave and assume momentum is zero. From the
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Lorenz gauge equations (9), we can always fix one
component, and we fix the value of w(r, 8).

Implementing these variables into the linearized
perturbation equations, one obtains the system of four
equations. We can eliminate the angular dependence and
simplify equations significantly by employing the
symmetry of the problem and finding the solution with
the following ansatz [14]:

3G,(r)
42(r,0) = ;7 =5 GtV (cos®),  (12)
(-3/2)
_ C (cos 9)
q3(r,0) = rzqg(r)stT‘ (13)
—3B(r _
B(r,0) = ™) cCYP(cos0), (14)

20VIZ+L—2 !
where C (cos @) denotes the Gegenbauer polynomials,
L € 2,3...N and plays role of orbital quantum number.
It is convenient to rewrite g, (r) in the form:

rA(r)

3,() = -1 (T + qw(r)), (15)

where A = r2£(r).

We can rewrite the equations as a combination of
A(r) and B(r) (hereafter omitting the tilde and the
explicit r-dependence), where the former variable
represents the gravitational perturbation and the latter the
electromagnetic one. These equations can be
diagonalized by introducing variables:

Zy = (_P1p2)1/2A + p:B,

Z, =plA— (_plpz)l/zB:
pr = 3M +/OM? + 4Q2(12 + L — 2),
pp = 3M — \JOM? + 4Q2(12 + L — 2).

And the final result is two one-dimensional
Schrodinger-type wave equations [15]:

(16)

A2Z;=V7Z,(i=12), (17)
with the potential of the form:
v, = £5<L(L +1r—p; (1 + p—)) (18)
r (L?+L-2)r
j=12i+]),
d

and where A? =—+ w? and dr* =r?A""dr are

Eddington—Finkelstein coordinates.

This result coincides with one from [14, 16]. The
dependence of Z; and Z, on both A and B describes the
mixing induced by the GZ effect and encodes the
interaction between the gravitational and electromagnetic
fields. In the special case Q =0, we observe the
decoupling of the equations, meaning that the charge of
the black hole in this configuration acts as a catalyst for
the GZ effect, since without it, this effect disappears. This
limit corresponds to the Schwarzschild-AdS, black hole,
for  which  gravitational and electromagnetic
perturbations change separately.

We should impose the physical boundary conditions
on the horizon of the black hole at r, to solve (17). The
potential V(r) ~ f(r) ~ 0 at the event horizon. So, near
the horizon, one expects the following behavior of the
solution:



—lw
Z(r) ~e " ~ (r — 1, )0, 1, > —o0,  (19)
where the minus sign in the exponent corresponds to
ingoing waves, since we expect only incoming waves to
be possible.

We want to eliminate the rapidly oscillating exponent
near the horizon that strongly influences the accuracy of
the numerical solution. Taking into account (19), one can
use the following substitution:

Z(r) = e~ P(r). (20)

Exploring asymptotical behavior in the limit r —»

+o0, one finds that the solution of the equation converges
to:

PO v+ P4 rs e, @)
where Py and 1y are non-normalizable and

normalizable parts of the solution.

3. CALCULATIONS OF THE
HOLOGRAPHIC TWO-POINT FUNCTIONS

The holographic duality is a conjecture that connects
classical gravitational bulk theory with strongly-coupled
field theory on its boundary. As mentioned in the
introduction, the main pillar of this idea is captured in the
GKPW formula:

<efddXJ(X)0(x)> — fDd)eisbulk|¢(x,r:oo):](x)_ (22)

QFT
Here the field theory lives on the boundary, i.e, in the
asymptotic limit r — 4oo0.

Consider A(t,8) is a leading-order (non-
normalizable) boundary value of a field in gravitational
theory in the limit of r - 400, meaning that ¢(x,r =
o) = A(x) = J(x), i.e corresponds to the source of the
boundary operator O(x). Field theory has one less
dimension than the initial gravitational theory, so we
consider d = 3 QFT. The meaning of the sub-leading
(normalizable) part B(x) can be found in the following
relation:

)
(0;(x)) = Lmsbulklzp(x,r:oo):A(x) « B(x), (23)

where the normalizable term corresponds to the vacuum
expectation value (VEV) of the boundary operator 0; (x).

We can write the relation between source Ay, (x) and
response By, (x) using the retarded Green's function,
which follows from the theory of linear response and the
Kubo formula:

fddy AOB(y)GgAOB(ny) = BOA(X)I

where you can read off By, (x) and Ay, (y) from the
large r behavior of the solution and d%y = dtdQ is
R x S2 volume element (our boundary field theory has
this dimension). Also, we are implicitly summing over all
operators involved and over coordinate indices.

The system can be presented as a matrix relation in
momentum space. Using an appropriate form of Green’s
functions with the Fourier transform and extension of
perturbations at the boundaries as:

T po/1)(X) = e @tay g1 (@)1 (cos0),  (25)

(24)

CL(;Z/Z) (cos©)

h x) = e"i®tp ®
o (0/1)(X) e (0/1) (@) prm—:

)

one can obtain the following relation
(%(1) (@) ) _
hgp1y(@)

( G§¢,a¢ (w) G§¢,h9¢ (w) ) ( A0y (W)

Ghopas (@) Ghyyngy (@) ) \Rog0)(@)

To obtain frequency dependence og/q1)(w) and
hogo/1)(), one should expand the large r behavior at
the boundary:

). (26)

h
hog(r) ~ 2hgg ) (@) + c1(w) + M. (27)
@y (1) ~ @p0) (@) + %“T)(w) 28)
hyg () ~ cz(w) n C3:;U), (29)
2 heg 1y (@)
ht¢ (T) ~Tr ht¢(0) ((1)) +cy (a)) + f (30)

We indeed have all the constants and dependence on
Y1200) and Py 54y, although their explicit forms are
rather cumbersome and offer little practical insight.
Accordingly, we omit them here. But we should say
several comments, the constants ¢; and c, depend on the
sources of the master's equations 1,y and ;o in the
same way as hggo) and h.q (). Therefore, contain no
additional information and cannot be interpreted as
independent response coefficients; to obtain the physical
response, one must consider the next-order terms in the
expansion. In the case of h,4, we find no non-
renormalizable contribution corresponding to a source
term, implying that this component does not contribute at
the boundary. The constants ¢, and c; need not be
specified.

Itis also important to note that although we have three
non-zero components, only two of them are independent.
We choose hy4 to be dependent on hgg, and oy, SO the
Green’s function matriX is consistently represented as a
2 X 2 matrix, which can also be used to determine the
Green’s functions associated with hg,.

4. RESULTS

Now turn to the numerical evaluation of the two-point
function for the RN-AdS, black hole. We begin with the
uncharged case, Q =0, which reduces to the
Schwarzschild-AdSs geometry, and then examine Q =
1.8 (preliminary) to illustrate how the charge modifies
the dynamics. Throughout our analysis, we fix the
horizon radius and cosmological constant at r, = 1 and
A = —3. For these parameter values, the extremal charge
is QEX[ = 2.

The plots exhibit only minor variations as the charge
is tuned. The most pronounced deviations appear in the
intermediate-frequency regime, where both the
hydrodynamic approximation and the operator product
expansion (OPE) break down.
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The dashed lines on the real part of the Green's
function correspond to the result that we obtain for the
photon in the AdS space. This approximation is only
applicable up to the first pole. From a gravitational point
of view, to interact with a black hole, the perturbation
must have enough energy to go through the centrifugal
barrier; for lower energies (the well region), one expects
similar behavior to pure AdS space.

8 10 12

— L=2
L=4
L=6

Fig. 1. The real part of Green's function G§¢,% for

Q = 0. The dashed lines correspond to the case of the
photon in pure AdS space

2 4 6 8 10 12

Fig. 2. The imaginary part of Green's function G§¢,a¢

for @ = 0. The dashed lines correspond to the (31)

When frequencies become significant enough to cross
the barrier, the approximation breaks, which makes
sense, as a black hole absorbs the energy, making it
impossible to form resonant normal modes. Instead, one
can observe a smooth finite peak that corresponds to the
quasinormal modes that decay with time.

The plots show that larger L and Q are better
described by the approximation, which is yet to be
understood. The smoothness and height of peaks also
depend on L and Q.

The negative value of the Green's function at low
frequencies implies that the system is a perfect
conductor. Moreover, the increasing depth of the Green’s
function with a higher angular momentum quantum
number L reveals that modes with larger L exhibit even
stronger conductive behavior. This enhancement can be
understood in terms of the centrifugal barrier, which
dominates the low-frequency gravitational potential and
becomes more pronounced as L increases, effectively
deepening the potential well for higher-L modes. This
also explains the increase in energy required for higher L
perturbations to cross the black hole's barrier. At very

22

high frequencies, one expects that all the perturbations
can penetrate the black hole's barrier and are eventually
dissipated by the imaginary part.
Using a photon in the AdS space approximation, we
find the high-frequency behavior of the imaginary part:
2 n(2-3L(1+1))
ng’_ad’ ~ P(U + 6w
These asymptotic results are presented as a dashed
line on the imaginary part of Green's function. The
formula does not depend on the charge Q, meaning that
in the high-energy limit, the charge of the black hole is
irrelevant in this approximation. As high-frequency
perturbations can propagate freely inside the system and
eventually end up in the black hole, leading to dissipation

,w -+, (31)
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Fig. 3. The real part of Green's function G§¢,a¢ for

Q = 1.8 (preliminary). The dashed lines correspond to
the case of the photon in pure AdS space

2 =2

10 L=4
L=6

T2 4 5 8 10 12

Fig. 4. The imaginary part of Green's function G§¢_a¢
for @ = 1.8 (preliminary). The dashed lines correspond

to the (31)

One can also consider the hydrodynamic limit to
study the low-frequency behavior of the imaginary part.
From the hydrodynamic analysis [7, 18], one can find the
following relation:

Im [G;f o (32)

where o, is a constant calculated from theory, and low-
frequency behavior for our system indeed agrees with
this limit.

In this holographic model, the boundary theory
behaves as a perfect conductor closely analogous to
graphene [18], albeit defined on a spherical geometry.
One can also find the Drude peak at w = 0 for the real

] ~ (A)O-Q,



part of the conductivity, which is not apparent in the plot,
but can be calculated via Kramers-Kronig relations.

CONCLUSIONS

In this work, we obtained analytical solutions for
axial perturbations of the metric and electromagnetic
potential in the RN-AdS; background within the
framework of linearized gravity. We further investigate
the structure of the unperturbed metric and highlight the
emergence of the Gertsenshtein-Zel’dovich effect.

After imposing ingoing boundary conditions at the
horizon, we turned our attention to the principles of
holographic duality. We demonstrated how the leading
and subleading terms in the near-boundary expansion
encode the source and the vacuum expectation value, and
connected them, using linear response theory and the
Kubo formula, with the two-point correlation function of
the dual operator. Finally, we extracted the asymptotic
behavior of both the metric and electromagnetic
perturbations at the AdS boundary.

Concentrating on the Green’s function G& 50 which
directly governs the conductivity of the boundary theory,
we numerically computed its real and imaginary parts for
different values of the charge. These preliminary results
were then benchmarked against theoretical predictions in
two asymptotic regimes: the hydrodynamic and the OPE
limits. As expected, the low-frequency behavior of the
real part of the correlator closely reproduces that of an
electromagnetic perturbation in pure AdS. Meanwhile,
the imaginary part exhibits excellent agreement with both
the hydrodynamic and OPE predictions. In the
intermediate-frequency window, we uncover a nontrivial
behavior of the dual, strongly coupled system.

Looking ahead, we plan to cross-check and extend
our analysis to the remaining two-point correlation
functions introduced in this work. In particular, we are
interested in the non-diagonal Green's function that
represents the interaction between different operators
and, for our system, can be interpreted as a consequence
of the GZ effect.

REFERENCES

1. JM. Maldacena. The Large N limit of
superconformal field theories and supergravity //
Adv. Theor. Math. Phys. 1998, v. 2, p. 231-252.

2. S.S. Gubser, I.R. Klebanov, and A.M. Polyakov.
Gauge theory correlators from noncritical string theory //
Phys. Lett. B. 1998, v. 428, p. 105-114.

3. E. Witten. Anti de Sitter space and holography //
Adv. Theor. Math. Phys. 1998, v. 2, p. 253-291.

4. P. Kovtun, D.T. Son, and A.O. Starinets. Viscosity
in strongly interacting quantum field theories from black
hole physics // Phys. Rev. Lett. 2005, v. 94, p. 111601.

5. S.J. Brodsky, G.F. de Teramond, H.G. Dosch, and
J. Erlich. Light-Front Holographic QCD and Emerging
Confinement // Phys. Rept. 2015, v. 584, p. 1-105.

6. T. Akutagawa, K. Hashimoto, and T. Sumimoto.
Deep Learning and AdS/QCD // Phys. Rev. D. 2020,
v. 102, p. 026020.

7. S.A. Hartnoll, A. Lucas, and S. Sachdev.
Holographic quantum matter. The MIT Press, 2018,
p. 408.

8. B. Chen, B. Czech, and Z.-z. Wang. Quantum
information in holographic duality // Rept. Prog. Phys.
2022, v. 85, p. 046001.

9. P. Nayak, A. Shukla, R.M. Soni, S.P. Trivedi, and
V. Vishal. On the Dynamics of Near-Extremal Black
Holes // JHEP. 2018, v. 9, p. 48.

10. J. Zaanen, Y.-W. Sun, Y. Liu, and K. Schalm.
Holographic Duality in Condensed Matter Physics.
Cambridge University Press, 2015, p. 583.

11. M.E. Gertsenshtein. Wave Resonance of Light
and Gravitational Waves // Soviet Physics JETP. 1962,
v. 14, p. 84-85.

12.  Y.B. Zel’dovich, Electromagnetic and
gravitational waves in a stationary magnetic field //
Soviet Journal of Experimental and Theoretical Physics.
1974, v. 38, p. 652.

13. M.O.E. Hadj and S.R. Dolan. Conversion of
electromagnetic and gravitational waves by a charged
black hole // Phys. Rev. D. 2022, v. 106, p. 044002.

14. F. Mellor and I. Moss. Stability of black holes in
de Sitter space // Phys. Rev. D. 1990, v. 41, p. 403-409.

15. S. Chandrasekhar. The Mathematical Theory of
Black Holes. Oxford University Press, 1992, p. 668.

16. E. Berti and K.D. Kokkotas. Quasinormal modes
of Reissner-Nordstrom-anti-de Sitter black holes: Scalar,
electromagnetic and gravitational perturbations //
Phys. Rev. D. 2003, v. 67, p. 064020.

17. M. Dodelson, C. lossa, R. Karlsson, and A. Zhi-
boedov. A thermal product formula // JHEP. 2024, v. 1,
p. 36.

18. S.A. Hartnoll. Lectures on holographic methods
for condensed matter physics // Class. Quant. Grav.
2009, v. 26, p. 224002.

T'OJIOTPA®IYHI KOPEJISIIAHI ®YHKIIT 3A CKIHUEHHOI TEMITEPATYPH:
EJJEKTPOMATHITHI TA TPABITAIIIIHI 3BYPEHHS 4-BUMIPHOI 3APSJIKEHOI YHOPHOI IIPH
B AHTUAECITTEPIBCBKOMY ITPOCTOPI

A.B. Anamaiiuyk, O.B. Kuboeoos

Mpu nocmiKyeMo akciadbHe 30ypeHHsS B JIIHEApU30BAHWX MOJBOBUX PIBHAHHAX EHHIITEHA A 3apsmKeHol
YOpPHOI JipM B UYOTHPHBHMIPHOMY aHTIJIECITTEpiBCBKOMY mpocTopi. Mu OyayemMo cucTeMy Al BHUBYEHHS
rojorpagivHuX ABOTOYKOBHX KOPEIAIIHHNX (QYHKIIH, 1€ MU 30CepeKY€EMOCs Ha Tii, 110 MOB's3aHa 3 IPOBIIHICTIO.
[IpencraBneno nonepeaHi HemepTypOATHBHI YHCIOBI PE3YIbTATH, iX 3aJEKHICTh BiJ Pi3HUX MapaMeTpiB, iX dizuaHa
IHTEpIIpeTAaIlis Ta iX Y3TroHKEHHS 3 OUiKyBaHUMH aHATITHAIHUMH aCUMIITOTHKAMH KOPEJsATOpa.
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